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1 Introduction 

The magnetic moments of the octet baryons were found to obey approxi- 
mate SU{3) symmetry a long time ago by Coleman and Glashow |jl]]. The 
relations of Coleman and Glashow are satisfied by the observed magnetic 
moments up to about the 20% level. Shortly thereafter Okubo p[ derived 
a relation between the magnetic moments, based on the assumption that 
SU{3) symmetry is broken linearly, which is satisfied to a great accuracy by 
the current high precision data on the magnetic moments 0. 



Recently, many efforts have been made to study the baryon magnetic 
moments in chiral perturbation theory [^, |, |^, |^, ^, 0. Clearly, it is very 
relevant how the SU{3) breaking are treated in such study. In a scheme of 
chiral perturbation theory (ChPT)0 that is popular in the literature the 
SU{3) breaking physical masses are used for strange mesons in the loop. 
This is the scheme that we shall discuss in this paper, (for an alternative 
scheme, see Ref.0). In such scheme, the hyperon magnetic moments receive 
contributions that are non- analytic in the strange quark mass rus, or equiva- 
lently, non-analytic in SU{3) breaking. Since the Okubo relation is a result of 
linear SU{3) breaking, one would therefore not expect that the moments cal- 
culated in ChPT will satisfy it. Nevertheless, it was shown [Q by an explicit 
calculation in ChPT that the ^/m^ corrections to the magnetic moments still 
satisfy the Okubo relation. In more recent applications of ChPT [^ ^ it 
was even claimed that both the y/rn^ and the rris In rris corrections satisfy the 
Okubo relation. Motivated by this apparent puzzle, we consider in this paper 
in more details the validity of the Okubo relation in this scheme of ChPT. 
We will identify the simple reason why the ^/rn^ corrections to the hyperon 
magnetic moments in this scheme of ChPT satisfy the Okubo relation. On 
the other hand, while our calculational results are in agreement with that 
of Ref . , our conclusion for the mg In m^ type non-analytic corrections is 
different. We will show that, contrary to the claim in the literature, rus InrUs 
non-analytic corrections violate the Okubo relation. 

This paper is organized as follows. In the next section we will introduce 
the Okubo relation. In Sec. |^ we will consider the one-loop diagrams in ChPT 
that contribute to the magnetic moments, and will show that they generally 
do not satisfy the Okubo relation. In Sec. || we will discuss our results and 
compare them with earlier calculations. In the Appendix, some calculational 
details are collected. 



2 Okubo relation 

The hyperon magnetic moments satisfy to great accuracy the Okubo relation 

i 

6/iA + /is- - 4A/3/iAEO - 4/i„ + yUs+ - 4/1=0 = 0, (1) 

where /iAs" is the S'' — > A transition moment. This relation can be obtained 
[0] if one assumes that SU{3) breaking corrections to the moments are linear 



in the quark mass matrix a, defined by 

(7 = diag(0,0,m,). (2) 

(We neglect the masses of the u- and tZ-quark.) In leading order in the 
electromagnetic coupling and up to first order in SU{3) symmetry breaking, 
the most general expression for the magnetic moments with this assumption 
isi,i 

fJ'ab = ai{h {Q, Aa}) + a2{\b [Q, AJ) + ai{Xb [cr, [Q, \a]]) + a2{\b W, [Q, A~J}) 
+ as{Xb[a,{Q,Xa}])+a^{XbW,{Q,Xa}})+a5{XbXa){cTQ), (3) 

where ai, 02, «!,..., 0^5 are arbitrary parameters, Q is the quark charge 
matrix 

Q = idiag(2,-1,-1), (4) 

and Aa are generators of SU{3) in the physical basis, defined e.g. in Ref. [^, |]. 
Including the transition moment, Eq. (^ expresses the 9 magnetic moments 
in terms of 7 parameters. Therefore, two relations can be derived between 
the moments, which hold for any values of the parameters. The first is the 
Okubo SU{3) relation Eq. (|l]), and the second is a simple isospin relation[§]. 
Motivated by this success, it was argued in Ref. that one should adopt a 
scheme of ChPT in which the chiral symetry breaking appears linearly in rUs- 
However, a more popular scheme of ChPT, as represented in Refs. [^, 0, |^, is 
to use the SU{3) breaking physical meson masses in the loop and as a result 
contributions nonanalytic in strange quark mass are obtained. The puzzle is 
why Okubo relation is still claimed to be valid within this scheme. 

3 Okubo relation in ChPT 

To analyze the Okubo relation for the magnetic moments in this scheme 
of ChPT, we follow the calculations of Refs. ||^, 0, §. The hyperon mag- 
netic moments receive contributions from the one-meson loop diagrams in 
Figs. (1) and (2). Following the scheme in Refs. P, |3, |^, we will use an 
SU{3) invariant mass for the baryon propagators inside the loops, while, for 
the meson propagators inside the loops, their physical masses are employed. 
All strong-interaction vertices in the loops originate from the leading-order 



SU{3) invariant Lagrangian (see e.g. Ref. 0). Therefore, the meson propaga- 
tors and the electromagnetic vertices are the only sources of SU{3) symmetry 
breaking. 

Starting with the loop-diagram in Fig. (la), it gives the amplitude 



y. f d^k F,,,S, ■ (fc + g)(G'erf(2fc + qr)iH,adS. ■ k) 
\}t^J (27r)4 [{k + g)2 - Ml - ^e] [k^ - Mj - ie][v k - le] 



where Md and Me are the masses of mesons d and e, respectively, q^ is 
the incoming photon four-momentum, and Cq is a number irrelevant for the 
following discussion. The vertex factors F^ce, Ggd, and Head in Eq- (H) are 
given by 

Ffe,e = D{\l{K, A J) + F{\l[K, A,]), (6) 

ad = (Al[Q,A,]), (7) 

and 

H^ad = D{~Xl{~Xl A J) + F{\l[\l AJ), (8) 

respectively. 

The meanings of the flavor indices a, . . . , e are as illustrated in Fig. (la). 
Since we took an SU{3) invariant baryon mass, the flavor index c does not 
appear in the baryon propagator. From Eq. (|^ it is obvious that the electro- 
magnetic vertex G^d is diagonal in the flavor indices e and d, and therefore 
Me = Md and the related loop integral depends only on one meson mass. 
Using this property it is straightforward to show that the amplitude F^^^ 
contributes to the magnetic moment fiab as 



f^ab — Z^ F'hceGedHcad h, (9) 



c,e,d=l 



where the functions Jg represent the momentum integration part of the loop 
diagram. Assuming isospin symmetry these functions are readily seen to 
satisfy 



h=h = h = I^"'\M^), I, = I, = I, = I, = I^^-){Ml), J8 = /(i'^)(M^„ 
where the functional form of / will be discussed later. 



') 
(10) 



Making similar analysis for the other diagrams in Figs. (1) and (2), one 
finds that each one-meson loop diagrams will contribute to the moments fXab 

as 

^iab{K)= E T,l,,/f <5ee', (H) 

e,e'=l 

where, in addition to the meson mass dependence, we add the K index to 
to the integral I to label different diagrams. For every K, the functions I^ 
obey relations as in Eq. (0). For Fig. (la) considered above one obviously 
has 

8 
'^abee' = ^ Fbce' G edH cad- (12) 

For diagrams in Fig. 2, each diagram contains only one internal meson line. 
Take Fig. (2e), which contains an intermediate decuplet propagator, for ex- 
ample, one has 

(13) 
where Aijk = A*-''^ is a basis for the decuplet, given by ||TT| 

A-ijk = 1, ^ ^ J ^ f^i 

3 -^ ^ ' 

= -, 'i,j, /c distinct. (14) 

6 

The internal octet and decuplet indices in Tabee' can be easily summed over 
using 

j:C>^iWa); = 25-6}-l5-Sl (15) 

a=l "J 

and 

(16) 
The general result after these summations is that Tabee' in Eq- (0) is a flavor 
structure constructed out the remaining matrices Aq, Xl, Ae', Aj, and Q, in 
which each of these matrices appears exactly one time. In fact, Tabee' would 



be a SU{3) tensor if not for the SU{3) breaking matrix Q. The fact that all 
the one-meson loops in Figs. (1) and (2) can be written in the form of Eq. (pj]) 
makes it possible to examine their SU{3) symmetry breaking pattern in a 
simple way. 

To analyze the SU{3) symmetry structure of the magnetic moments in 
Eq. {^n\), we first note that, for each K, If can be rewritten as 



le^ee' 



(Al,{/, Ae}) + [l{Ml) - 1/(M^) + h{Ml) 



^e'&^eS-, 



where / is the following 3x3 matrix 






(17) 



(18) 



which is a simple linear combination of the unit matrix and the quark mass 
matrix. Note that each integration factor, /, in in Eqs.(p!7|) and (18) have 
diagramatic, K, dependence as well which we supressed in notation. Using 
Eq. (p!7[) one can then split the magnetic moments Hab in two parts as 



l^ah — f^ab + /^afe' 



(19) 



where /x^^ is defined by 



^^ab — Z_^ Z^ Tabee'i^e'i^ ,Ae}), 
K e,e'=l 



and /i^^^ is defined by 



^I^iMl) + 1/^(M^) 



T. 



K 



(20) 



(21) 



Note that because the rj meson is charge neutral, the electromagnetic vertex 
Ged is zero for r] loop in Figs.(la,b). As a result, Figs.(la,b) contribute only 
to /i^j, because T^^ss =0. Figs. (2) can contribute to both ^^^ . 

The sjTiimetry properties of fi\i, can be easily analyzed. For the summa- 



tions over e and e' in Eq. (pO|) one can again use the completeness relation 
Eq. ([T5|) . Since the matrix J is a linear combination of the unit matrix and 
the quark mass matrix a, and given the properties of Tabee' as discussed after 
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Eq. (|T6|), one finds that yuj,^ is a tensor formed out of the matrices Xa, Xl, Q, 
and cr, in which Aa, X\^ and Q each appears exactly one time, and the matrix 
a appears at most one time. The general form of such a tensor is given by 
Eq. d^) . As was discussed after Eq. (H) , the /i^^ component of the magnetic 
moments therefore satisfy the Okubo relation Eq. (|^) no matter what kind of 
meson mass dependences result from the integration part of the contribution. 
Whether or not the magnetic moments /iab, Eq. ([TTD , satisfy the Okubo 
relation then depends on whether or not the moments /ij^^^, Eq. (0), satisfy 
the Okubo relation. As a result we only have to worry about the contributions 
of diagrams in Figs(2). For any given one- loop diagram, the contribution to 
the magnetic moment from only the ?7-loop, denoted here by /i^^, is, according 
to Eqs. (|np and (0), given by 

^^\{K) = /^(M^2)rl33. (22) 

Using Eq. (|22|) we can relate //^^^ to the rj-loop as 

where we have defined 

A^ = 3/^(M2) - 4/^(M|.) + /"^(M^). (24) 

Since the meson masses are non-degenerate, A^ in Eq. (23) is in general 
nonzero. The magnitude of A^ depends on the function I^ in Eq. (^4]). By 
closer inspection one finds that the generic form of / for the diagrams in 
Fig. (1) is given by 

/^(X^) = Af + Af 7X2, (25) 

while the generic form of I^ for the diagrams in Fig. (2) is given by 

/^(X2) = 5f + B^X^ In (xV/i^) , (26) 

where the coefficients Af, A^ ■, -Bf", and i?^ depend on the diagrams but are 
independent of X, and /i is the renormalization scale. Note that in terms 
of the quark masses m^, Eq. (^) leads to corrections of the form y^m^, and 
Eq. ( p6l) leads to corrections of the form mq Inm^. We conclude immediately 



here that the nonanalytic contributions of the form ^Jfn^ satisfy the Okubo 
relation. This part, we agree with Refs. |^, 0. 

By substituting the functional forms Eq. (^) into Eq. (P^, the diagrams 
in Figs. (12) all yield A^ 7^ 0. Therefore, by Eq. p3|), /i),^^ is proportional 
to the 77-loop contribution to the magnetic moments. For the one-loop dia- 
grams contributing to the hyperon magnetic moments we then conclude: A 
diagram satisfies the Okubo relation if and only if its 77 loop contribution, 
or equivalently its Tafcgg term, satisfies the Okubo relation. This observation 
greatly simplifies the analysis of the validity of the Okubo relation of hyperon 
magnetic moments calculated in current scheme of ChPT. 

Finally we note that /i^^f, is explicitly renormalization scale independent. 
This can be seen by substituting Eq. (PB|) in Eq. (E^, we find that 



A = —B2{K) 3M^ — AM^ + M^ \nfi + (renormalization independent terms), 

(27) 
The dependence on /i in Eq. (^) vanishes upon using the Gell-Mann-Okubo 
relation for the meson masses. On the other hand, /^^^ is renormalization 
scale dependent, however, since they are of the form as in Eq.(3), they can be 
removed by introducing renormalization counterterms. We can now discuss 
the consequence of the above analysis. 



4 Discussions and summary 

iFroTCi the discussion in the previous section it follows that contributions 
from diagrams which have a vanishing r^-loop, will trivially satisfy the Okubo 
relation. This is the case for the diagrams in Fig. (1). This gives a simple 
explanation why the contributions of the diagrams in Fig. (1), which give 
rise to the ^ymq corrections, satisfy the Okubo relation consistent with the 
observations in Refs. 0, ^. 

For the same reason, the diagram Fig. (2b, 2c) yields magnetic moments 
that satisfy the Okubo relation. For Fig. (2b), it is because the t] meson is 
charge neutral. For Fig. (2c), it is purely due to accidental cancellation as 
shown in the Appendix. 

On the other hand, as shown explicitly in the Appendix, the rj loop con- 
tribution to the magnetic moments from each of the diagrams Figs. (2a), 
(2d), (2e), (2f), (2g), (2h) and (2i) is non- vanishing and violates the Okubo 



relation. They all give contributions to the hyperon moments of the form 
rriq In mq. We also show that their sum also remains nonzero. While our de- 
tail analytic result, as demonstrated in the Appendix, agrees with Refs. [^], 
our conclusion is in conflict with that in Refs. [^ which claimed that cor- 
rections of the form mqlnmq satisfy the Okubo relation. The magnitude of 
the deviation from the Okubo relation will in general depend on the param- 
eters from the ChPT Lagrangian and the meson masses. There is no reason, 
based upon SU{3) symmetry arguments alone, a priori that this deviation 
should vanish or should be small. 

One should finally also note that in the modified scheme of SU{3) ChPT 
proposed in Ref. 0, |10|, loop diagrams give rise to linear SU{3) symmetry 
breaking automatically in the lowest nontrivial order in SU{3) breaking. In 
that case one can easily find that A^ = automatically in Eq. (p3D, and the 
magnetic moments satisfy the Okubo symmetry relation. 

The hyperon magnetic moments satisfy to a high precision the Okubo 
relation. This relation is based on the assumption that SU{3) is broken 
linearly in the strange quark mass rris. In this paper we have studied the 
validity of the Okubo relation if the moments are calculated in a scheme of 
SU{3) chiral perturbation theory (ChPT) at the one-loop level. 

We have found a simple way to classify the one-loop diagrams of this 
ChPT contributing to the magnetic moments according to whether or not 
they generate magnetic moments that satisfy the Okubo SU{3) relation. 
A diagram satisfies the Okubo relation if and only if its r] loop satisfies the 
Okubo relation. Using this observation, we have shown that the ^/fn^ correc- 
tions satisfy the Okubo relation. However, some of the rris In rris corrections 
violate the Okubo relations as opposed to what was claimed in recent liter- 
ature. Note that the above analysis could in principle be extended to the 
scheme in which that 5*^7(3) breaking masses are allowed even in the baryon 
propagators. 
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Appendix 

In this appendix we give the deviation from the Okubo relation among the 
hyperon magnetic moments for each one-loop diagrams in Figs. (1) and (2) 
and the total deviation. 

According to the discussion in Sec.^, the deviation from the Okubo re- 
lation for each one-loop diagram only depends on the second term /i^^^ in 
Eq. (|T9|) and can be expressed as 

Vs+W-4/xio(ir), (28) 



where K label different diagrams. Using Eqs.(0) and (|2^), the Q(K) can be 
denoted as 

n{K) = - A^ T{K) (29) 



where A.{K) is defined in Eq.(|2^) and 

T{K) = oTgggg + T22gg — 4v oTgggg — 4Tgggg 

+T/fgg-4T7^gg. (30) 

The Tab88 is expected to be nonzero only for the diagonal components in 
the flavor indices (a,b) i.e. a=b, and for (a,b) = (3,8) or (8,3) , which is related 
to the transition magnetic moment /^as- In the following, we give the Tabss for 
each diagram, and, at the second line of each equation, we list explicitly only 
the values of diagonal components in indices (a,b) and component (a,b) = (8,3) 
in the order (a,b)={(l,l),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7),(8,8),(8,3)}, corre- 
sponding to the magnetic moments in the order {ht.+ iI^y.- ^I^t.'^ ^l^pil^'E- 1 f^nyfJ^EO, 
/^AjA'-ae)- 

8 

^ab88 = / ^F^bcsG 88 HcaS, 
c 

= {0,0,0,0,0,0,0,0,0} (31) 



^afe88 — Z2 ^6c8G'88-R, 



ca8i 



{0,0,0,0,0,0,0,0,0} (32) 

10 



n(2a) 



/ .FfjcsVcdHdaS, 
c,d 

2 2 2 

{g^^(/"D + 3/iF), gD^ifJ'D - 3/iF), gD^I^D, 

^{D - SFfifiD + 3/iF), ^{D + 3F)2(/iB - 3/ip), 

^ D^I2d} (33) 



3v^ 



^afe88 — (-^fe[[-^8, 5 [Ag, Q]], Aa]), 

= {0,0,0,0,0,0,0,0,0} (34) 



8 
= 2^ ^6c8 UcdRdaS , 







c,d 




= 


-- {QC^fic, -QC^I^c, 0, 6C V, 0, 0, 0, 0, 0, 0} 


rp{2d) 

''-abSS 


= 


8 

/ ^TbcsXcdHdaS, 
c,d 




^ 


{-2DC^iT, 0, -DCfiT, 0, 0, 0, {D + 3F)C/ir, 
0, -V^DC^it} 


rj.{2e) 


= 


8 

/ ,Tbc8XcdHdaS, 
c,d 




~ 


{-2DCfiT, 0, -DCfiT, 0, 0, 0, {D + 3F)C/iT, 
0,0} 


ab88 ~ 


8 

>: 


-^bc8-f^cb8Ha, 



2 2 2 
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(35) 



(36) 



(37) 



^/^V.} (38) 



8 



{-L'^(;Ud + Sfip), gD'^if^D - 3/iF), qD'^I^d, 
^{D- SFfifiD + 3/iF), ^{D + 3F)^(/iB - 3/x,.), 
_ip _ 3F) Vd, -^P + 3F)Vd, -^^Vd, 
^ I^Vd} (39) 



3^3 

8 

rpi'ih) \ ^ 'T ID \r 

J-abSS — 2^ J- bc8 -KcfeS Vba , 



0,2C2(/iz)-3/ii.),0,-4CVD,0,0} (40) 



8 
^ab88 = Z^ VbaTacsRc 



where 



= {2C\i2D + 3fip), 2C\i2D - 3/ip), 2CVz?, 

0, 2C'(/iz) - 3/ii.), 0, -4CVd, 0, 2V3CVd} (41) 

nac = Ce,,,{\l)]{\c)iA''"' (42) 

/?,,, = Ce^^^^AH™(Al)f (\)^ (43) 

Vta = I^dCxUQ, a J) + fipCxllQ, AJ), (44) 

^7,a = ficA^Jk{Q)fA''' (45) 

12 



Table 1: The deviation T{K) from the Okubo relation for the octet baryon 
magnetic moments in each label K diagram. All moments are given in nuclear 
magnetons 



K 


TiK) 


Fig.(la) 





Fig.(lb) 





Fig. (2a) 


|/iz,(/^^ + 3F^) 


Fig. (2b) 





Fig. (2c) 





Fig. (2d) 


fXTCiD-2F) 


Fig.(2e) 


-firCiD + 2F) 


Fig.(2f) 


-|/i^(D^ - 3F^) 


Fig.(2g) 


-|/i^(D^ - 3F^) 


Fig.(2h) 


I/^dC^ 


Fig.(2i) 


-kf^nC' 



X, 



ba 



^ITe''Vl{A)klMa)f 



Yba = ^lTe^JkQKXl)L^ 



klm 



(46) 
(47) 



with the coupling constants D, F, C, fiD, fJ^F, fJ'C, and /it defined in Ref.[|]. 
The vertex factors Fbac, Gba, and Hhac are given in Eqs. (||), (0), and (|^), 
respectively. 

All the one-loop diagrams in Fig. (2) contribute the mqlnrriq corrections 
to the hyperon magnetic moments, but only the contributions of the diagrams 
in Figs. (2b) and (2c) explicitly satisfy the Okubo relation. 

For the diagrams in Figs. (2a), (2d), (2e), (2f), (2g), (2h) and (2i) the fact 
that T{K) 7^ individually means that each diagram violates the Okubo 
relation. However, one must check explicitly whether or not there is any 
cancellation when these contributions from different diagrams add up. Ac- 
cording to their coupling constant factors, the Okubo relation violating one- 
loop diagrams can be classified into three groups: (I) diagrams (2a), (2f), 
(2g) with factor udD^ or ^dF^', (H) diagrams (2d), (2e) with factor htCD 
or htCF] and (III) diagrams (2h), (2i) with factor hd ■ C^. 
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The Feyninan integral I in Eq. ( pTD for diagram Fig. (2a) is 

1 A/f^ 

/(^")(M^) = -^^^M^ln(— ), (48) 

where /z is an arbitrary renormahzation scale and M is the physical mass of 
the intermediate meson state. The contributions from Figs. (2f) and (2g) 
correspond to wave function renormahzation with intermediate octet baryon. 
The integrals I for both diagrams turn out to be the same and equal to 

Summing over the contributions from Figs. (2a), (2f), and (2g), we get 

K=Fig.i2a),i2f),i2g) 

= ^[3^.'M^) - 4Miln(^) + M^Jn{^)][fMD' - 6F^)] . 

(50) 

For the diagrams in Figs. (2d) and (2e), using the SU(3) invariant mass 
values for intermediate octet and decuplet baryons, the one-loop integrals 
I{M'^) for both diagrams can be easily shown to be equal and 

^"'(^'^' - 5- 32^*^^ '"(f)- ("' 

Figs. (2h) and (2i) are related to the wave function renormahzation with 
the intermediate decuplet baryon. The integration function I{M'^) for Fig. 
(2h) or (2i) is 

/(-)(M^) = -^MMn(^). (52) 

Summing over all the contributions in Fig. (2), the deviation from the 
Okubo relation is 

K 

[^M^D'-2AF'-C') + lf^TCF]. (53) 

14 



If we add up the contributions listed in Ref.0 from various diagrams, the 
result actually consistent with our sum above. However, unless there is a very 
special relation among Z), F, C, hd and /i^, which is not the case, the Okubo 
relation is indeed violated by the logarithmic corrections in iriq contrary to 
the claim in Ref. ||6|1. 
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Figure captions 

Fig. 1: One-loop diagrams tliat give rise to non- analytic JfnTq corrections 
to the hyperon magnetic moments. The dashed lines denote the pions, the 
single solid lines denote octet hyperons, and the double solid lines denote 
decuplet hyperons 

Fig. 2: One-loop diagrams that give rise to non-analytic vriq In vriq corrections 
to the hyperon magnetic moments. See Fig. (1) for the meaning of the lines. 
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